Python

unknown

cdesp. 23, 2023






OrnaeneHune

1 Contents

3
1.1 Imstallation . . . . . . . . 0 e 3
1.2 Usingintervals . . . . . . . o oL e 3
1.3 General purpose functions . . . . . . .. oL Lo 7
1.4  Recognizing functionals . . . . . . . . .. L 16
1.5 Interval linear systems . . . . . . . . . . . L L 21







Python

Welcome to the IntvalPy documentation! This Python module implements an algebraically closed system
for working with intervals, and provides the ability to work with both classical interval arithmetic and
full Kaucher interval arithmetic. The top-level functionality of the IntvalPy library implements the latest
methods for recognizing and evaluating sets of solutions to interval linear systems of equations, calculating
their formal solutions, and visualizing sets of solutions to interval equations and systems of equations.
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1.1 Installation

The most convenient way to install this library is to use the pip  command:

pip install --upgrade pip
pip install intvalpy

1.1.1 Installation from the source codes

You can either download the sources from PyPI or clone the repository hosted on GitHub:

git clone https://github.com/AndrosovAS/intvalpy.git
cd intvalpy
python setup.py install

1.2 Using intervals

This section gives an overview of the use of interval classes and examples of working with interval data.

Run the following commands to connect the necessary modules

>>> import numpy as np
>>> from intvalpy import Interval, precision

It connects the interval function Interval from the implemented IntvalPy library, which was previously
installed with the command pip install intvalpy.



http://pypi.python.org/pypi/intvalpy/
https://github.com/AndrosovAS/intvalpy
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e Using intervals
— Basic characteristics

— Interval vectors and maltrices

— Clreate intervals

The class Interval was created in accordance with IEEE Standard 754-2008, where rounding occurs to the
nearest even number. This allows significantly to accelerate the computational upper-level functions and
reduce the computation time. However, in tasks where you need more precision, you can switch from the
standard representation of the number as double float type to mpf type. To do this, run the following
command:

>>> precision.extendedPrecisionQ = True

You can also set the working precision (after which decimal place rounding will take place):

>>> precision.dps(50)

The default setting is increased accuracy to 36th decimal place.

The IntvalPy library supports classical arithmetic and full Kaucher interval arithmetic. Each arithmetic has
different types of intervals (for example, classical arithmetic considers only «correct» intervals), which means
that the arithmetic operations can differ from each other. Therefore, it was decided to develop two different
classes for each of the arithmetics. However, there are not few common characteristics that these classes
could inherit from some third class. These could be the operations of taking the ends of an interval, the
width or radius, and many other things. This is why the parent class * * BaseTools** was made separately.

1.2.1 Basic characteristics

class BaseTools(left, right)

A parent class that contains methods that can be used to calculate the basic interval characteristics of any
interval arithmetic. Used in the ClassicalArithmetic and KaucherArithmetic classes.

Parameters:

o left
[int, float] The lower (left) limit of the interval.

e right
[int, float] The upper (right) limit of the interval.

Methods:

1. a, inf: The operation of taking the lower (left) bound of the interval.

2. b, sup: The operation of taking the upper (right) bound of the interval.
3. copy: Creates a deep copy of the interval.
4

. to_float: If increased accuracy is enabled, it is sometimes necessary to convert to standard accuracy
(float64)

ot

wid: Width of the non-empty interval.

6. rad: Radius of the non-empty interval.
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7.
8.
9.
10.
11.
12.
13.
14.

mid: Midpoint of the non-empty interval.

mig: The smallest absolute value in the non-empty interval.

mag: The greatest absolute value in the non-empty interval.

dual: Dual interval.

pro: Correct projection of an interval.
opp: Algebraically opposite interval.
inv: Algebraically opposite interval.

khi: Ratschek’s functional of an interval.

1.2.2 Interval vectors and matrices

class ArrayInterval(intervals)

It is often necessary to consider intervals not as separate objects, but as interval vectors or matrices. It is
important to note that different intervals can be from different interval arithmetics, which leads to additional
checks when performing arithmetic operations. The IntvalPy library, using the ArrayInterval class, allows
you to create such arrays of any nesting. In fact, we use arrays created using the numpy library.

This class uses all the methods of the BaseTools class, but there are additional features that are common to
interval vectors and matrices.

Parameters:

e intervals
[ndarray] The numpy array with objects of type ClassicalArithmetic and KaucherArithmetic.

Methods:

1.

7.

data: An array of interval data of type ndarray.

. ndim: Number of interval array dimensions.

2
3
4.
)
6

ranges: A list of indexes for each dimension.

. vertex: The set of extreme points of an interval vector.

. T: View of the transposed interval array.

. shape: The elements of the shape tuple give the lengths of the corresponding interval array dimensions.

reshape(new _shape): Gives a new shape to an interval array without changing its data.

Examples:

Matrix product

>>> f = Interval([

(-1, 31, [-2, 511,
[[_7: _4]: [_5: 7]]

D

>>> g = Interval([

(-3, -21, [4, 411,
[[_7’ 3], [_8, o]]

D

>>> f 0 s

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

# Interval([['[-44.0, 18.0]"',
['[-41.0, 56.0]"', '

/o

-44.0, 28.0]']
-84.0, 24.01'11)

Transpose

>>> £.T
# Interval([['[-1, 3]', '[-7, -4]1'],
['[_25 5]‘; '[_5, 7]']])

1.2.3 Create intervals

def Interval(*args, sortQ=True, midRadQ=False)

When creating an interval, you must consider which interval arithmetic it belongs to, and how it is defined:
by means of the left and right values, through the middle and radius, or as a single object. For this purpose,
a universal function Interval has been implemented, which can take into account all the aspects described
above. In addition, it has a parameter for automatic conversion of the ends of an interval, so that when the
user creates it, he can be sure, that he works with the classical type of intervals.

Parameters:

e args
[int, float, list, ndarray] If the argument is a single one, then the intervals are set as single objects.
To do this you must create array, each element of which is an ordered pair of the lower and upper
bound of the interval.

If the arguments are two, then the flag of the midRad() parameter is taken into account. If the
value is True, then the interval is set through the middle of the interval and its radius. Otherwise,
the first argument will stand for the lower ends, and the second argument the upper ends.

e sortQ
[bool, optional] Parameter determines whether the automatic conversion of the interval ends
should be performed. The default is True.

e midRadQ
[bool, optional] The parameter defines whether the interval is set through its middle and radius.
The default is False.

Examples:

Creating intervals by specifying arrays of left and right ends of intervals

>>> a = [2, 5, -3]
>>> b = [4, 7, 1]
>>> Interval(a, b)
# Interval(['[2, 4]', '[5, 71', '[-3, 11'])

Now let’s create the same interval vector, but in a different way

>>> Interval([ [2, 4], [5, 71, [-3, 11 1)
# Interval(['[2, 4]', '[5, 71", '[-3, 11'D)

In case it is necessary to work with an interval object from Kaucher arithmetic, it is necessary to disable
automatic converting ends
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>>> Interval(5, -2, sortQ=False)
# '[5, -2]"

As mentioned earlier, the IntvalPy library allows you to work with vectors and matrices. This automatically
generates the need to calculate the length of the array, as well as the possibility of working with collections.

>>> f = Interval([ [2, 4], [5, 71, [-3, 11 1)
>>> len(f)
# 3

To get the N-th value or several values (in the future we will call it a slice of the array) you can use quite
usual tools. Moreover, since the class Arraylnterval is changeable, it is also possible to change or delete
elements:

>>> f[1]

# [5, 7]

>>> f[1:]

# Interval(['[5, 71', '[-3, 11'])

>>> f[1:] = Interval([ [-5, 5], [-10, 101 1)
>>> f

# Interval(['[2, 4]', '[-5, 5]', '[-10, 10]1'])
>>> del f[1]

>>> f

# Interval([’[2, 4], ’[-10, 10]°]1)

1.3 General purpose functions

In this section, we present an overview of functions for working with interval quantities as well as some
functions for creating interval objects.

Run the following commands to connect the necessary modules

>>> import intvalpy as ip
>>> import numpy as np

Cogep>kaHue

e General purpose functions
— Converting data to interval type
— Interval scatterplot
— Intersection of intervals
— Dustance
— Zero intervals
— Identity interval matrix

— Diagonal of the interval matrix

— Elementary mathematical functions

1.3. General purpose functions 7
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* The square root

x The exponent

* The natural logarithm

x The sine function

* The cosine function
— Test interval systems

* The Shary system

* The Neumaier-Reichmann system

* References

1.3.1 Converting data to interval type

def asinterval(a)
To convert the input data to the interval type, use the asinterval function:
Parameters:

e a
[int, float, array like] Input data in any form that can be converted to an interval data type.
These include int, float, list and ndarrays.

Returns:

e out
[Interval] The conversion is not performed if the input is already of type Interval. Otherwise an
object of interval type is returned.

Examples:

>>> ip.asinterval(3)

"[3, 3]
>>> ip.asinterval([1/2, ip.Interval(-2, 5), 2])
Interval(['[0.5, 0.5]"', '[-2, 5]', '[2, 21'])

1.3.2 Interval scatterplot

Maremarmdeckast AuarpamMmma, n300parkarolias 3HaYeHns IBYX MePEeMEHHBIX B BHUAE OPYCOB Ha JEKAPTOBOI
IIJIOCKOCTH.

Parameters:

o X
[Interval] MnrepBaiabHbIil BEKTOP HOJIOXKeHHS JaHHBIX Ha ocn OX.

°Yy
[Interval] aTepBaibHBIN BEKTOP 1OJI0XKeHHsI JaHHBIX Ha ocu OY.

e title: str, optional
Bepxuss serenna rpaduxa.

8 lnasa 1. Contents
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color: str, optional
IIBeT oTOOpazkenust GPycoB.

alpha: float, optional
IIpospasmnocts 6pycoB.

s: float, optional
HackoJsibKO BeUKU TOYKM BEPIINH.

size: tuple, optional
Paszmep orpucoBounoro oxma.

save: bool, optional
Ecnu 3nagenne True, To rpacduk coxpansercs.

Returns:

e out: None
A scatterplot is displayed.

Examples:

>>> x = ip.Interval(np.array([1.06978355, 1.94152571, 1.70930717, 2.94775725, 4.55556349,
— 6, 6.34679035, 6.62305275]1), \

>>> np.array([1.1746937 , 2.73256075, 1.95913956, 3.61482169, 5.40818299,
— 6, 7.06625362, 7.54738552]))

>>> y = ip.Interval(np.array([0.3715678 , 0.37954135, 0.38124681, 0.39739009, 0.42010472,
— 0.45, 0.44676075, 0.44823645]1), \

>>> np.array([0.3756708 , 0.4099036 , 0.3909104 , 0.42261893, 0.45150898,
— 0.45, 0.47255936, 0.48118948]))

>>> ip.scatter_plot(x, y)

(@)

1.3.3 Intersection of intervals

Oyukims intersection OCyIIECTBJILET IepecedeHre MHTEePBAIbHBIX JAHHBIX. B ciaydae, ecm Ha BXOJ, IIO-
JaHbl MACCUBBI, TO OCYIIECTBJISIETCS IIOKOMIIOHEHTHOE IIepecedeHne.

Parameters:

A, B: Interval
B ciiyaae, ecoiu omepaHipl He SBIISIIOTCST MHTEPBAJIBHBIM THIIOM, TO OHH ITpeobpa3yiorcs dyHKIneit
asinterval.

Returns:

out: Interval
Bosppartmaercst MaccuB epecedéHHbIX HHTEPBAIOB. Eciin HeKOTOphIe HHTEPBAJIbl He TePeCeKatoT s,
TO Ha MX MeCTe BhIBOAUTCS muaTepBas Interval (float('-inf'), float('-inf')).

IIpumepsnr:

>>> import intvalpy as ip

>>> f = ip.Interval([-3., -6., -2.], [0., 5., 6.])

>>> g = ip.Interval(-1, 10)

>>> ip.intersection(f, s)

interval(['[-1.0, 0.0]', '[-1.0, 5.0]', '[-1.0, 6.01'])

1.3. General purpose functions 9
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>>> f = ip.Interval([-3., -6., -2.], [0., 5., 6.])

>>> 5 = -2

>>> ip.intersection(f, s)

interval(['[-2.0, -2.0]', '[-2.0, -2.0]', '[-2.0, -2.0]1'1)

>>> f ip.Interval([-3., -6., -2.], [0., 5., 6.]1)

>>> g = ip.Interval([ 2., -8., -6.1, [6., 7., 0.1)

>>> ip.intersection(f, s)

interval(['[-inf, -inf]', '[-6.0, 5.0]', '[-2.0, 0.01'D)

1.3.4 Distance

def dist(x, y, order=float(,,inf*))

To calculate metrics or multimetrics in interval spaces, the dist function is provided. The mathematical
formula for distance is given as follows: disterder = (sumyj ||xij - yi; |[order )i/order,

It is important to note that this formula involves an algebraic difference, not the usual interval difference.
Parameters:

e a b
[Interval] The intervals between which you need to calculate the distance. In the case of
multidimensional operands a multimetric is calculated.

e order
[int, optional] The order of the metric is set. By default, setting is Chebyshev distance.

Returns:

e out: float
The distance between the input operands is returned.

Examples:

>>> f = ip.Interval([
(o, 11, [2, 311,
(4, sl, 6, 711,
D
>>> g = ip.Interval([
[f1, 21, [3, 411,
((5, 61, [7, 811,
D
>>> ip.dist(f, s)
1.0

The detailed information about various metrics can be found in the referenced monograph.
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1.3.5 Zero intervals

def zeros(shape)

To create an interval array where each element is point and equal to zero, the function zeros is provided:

Parameters:

e shape
[int, tuple] Shape of the new interval array, e.g., (2, 3) or 4.

Returns:

e out
[Interval] An interval array of zeros with a given shape

Examples:

>>> ip.zeros((2, 3))
Interval([['[0, O]", '[0, O]', '[0, O]'],
(rfo, o1+, *fo, o', 'fo, 01'11
>>> ip.zeros(4)
Interval(['[0, O]', "[0, O]", '[0, O]', "[0, O]'D)

1.3.6 Identity interval matrix

def eye(N, M=None, k=0)

Return a 2-D interval array with ones on the diagonal and zeros elsewhere.

Parameters:
e N
[int] Shape of the new interval array, e.g., (2, 3) or 4.
e M
[int, optional] Number of columns in the output. By default, M = N.
o k
[int, optional] Index of the diagonal: 0 refers to the main diagonal, a positive value refers to an
upper diagonal, and a negative value to a lower diagonal. By default, k = 0.
Returns:
e out
[Interval of shape (N, M)| An interval array where all elements are equal to zero, except for the
k-th diagonal, whose values are equal to one.
Examples:

>>> ip.eye(3, M=2, k=-1)

Interval([['[0, 0]', '[0, 0]'],
(rfe, 11+, '[o, 01'1,
(rfo, o1, 'r1, 11'1H

1.3. General purpose functions
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1.3.7 Diagonal of the interval matrix

def diag(v, k=0)
Extract a diagonal or construct a diagonal interval array.
Parameters:

oV
[Interval] If v is a 2-D interval array, return a copy of its k-th diagonal. If v is a 1-D interval array,
return a 2-D interval array with v on the k-th diagonal.

[int, optional] Diagonal in question. Use k>0 for diagonals above the main diagonal, and k<0 for
diagonals below the main diagonal. By default, k=0.

Returns:

e out
[Interval] The extracted diagonal or constructed diagonal interval array.

Examples:

>>> A, b = ip.Shary(3)

>>> ip.diag(A)

Interval(['[2, 3]', '[2, 3]1', '[2, 3]1'])

>>> ip.diag(b)

Interval([['[-2, 2]', '[0, O]', '[0, O]'],
[('fo, o', '[-2, 21", '[0, 0]'],
(rfo, oj*, 'fto, ol', 'f-2, 21'1D

1.3.8 Elementary mathematical functions

This section presents the basic elementary mathematical functions that are most commonly encountered in
various kinds of applied problems.

The square root

def sqrt(x)
Interval enclosure of the square root intrinsic over an interval.
Parameters:

e X
[Interval] The values whose square-roots are required.

Returns:

e out
[Interval] An array of the same shape as x, containing the interval enclosure of the square root of
each element in x.

Examples:

>>> f = ip.Interval([[-3, -1], [-3, 2], [0, 411)
>>> ip.sqrt(f)
Interval(['[nan, nan]', '[0, 1.41421]', '[0, 2]'])

12 lnasa 1. Contents
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The exponent

def exp(x)
Interval enclosure of the exponential intrinsic over an interval.
Parameters:

o x
[Interval] The values to take the exponent from.

Returns:

e out
[Interval] An array of the same shape as x, containing the interval enclosure of the exponential of
each element in x.

Examples:

>>> f = ip.Interval([[-3, -11, [-3, 21, [0, 411)
>>> ip.exp(f)
Interval(['[0.0497871, 0.367879]"', '[0.0497871, 7.38906]', '[1, 54.5982]'])

The natural logarithm

def log(x)
Interval enclosure of the natural logarithm intrinsic over an interval.
Parameters:

e X
[Interval] The values to take the natural logarithm from.

Returns:

e out
[Interval] An array of the same shape as x, containing the interval enclosure of the natural
logarithm of each element in x.

Examples:

>>> f = ip.Interval([[-3, -11, [-3, 21, [1, 411)
>>> ip.log(f)
Interval(['[nan, nan]', '[-inf, 0.693147]', '[0, 1.38629]'])

The sine function

def sin(x)
Interval enclosure of the sin intrinsic over an interval.
Parameters:

X
[Interval] The values to take the sin from.

Returns:

1.3. General purpose functions 13
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e out
[Interval] An array of the same shape as x, containing the interval enclosure of the sin of each
element in x.

Examples:

>>> f = ip.Interval([[-3, -1], [-3, 2], [0, 4]11)
>>> ip.sin(f)
Interval(['[-1, -0.14112]', '[-1, 1]', '[-0.756802, 1]1'])

The cosine function

def cos(x)
Interval enclosure of the cos intrinsic over an interval.
Parameters:

o X
[Interval] The values to take the cos from.

Returns:
e out
[Interval] An array of the same shape as x, containing the interval enclosure of the cos of each
element in x.
Examples:

>>> f = ip.Interval([[-3, -1], [-3, 2], [0, 411)
>>> ip.cos(f)
Interval(['[-0.989992, 0.540302]', '[-0.989992, 1]1', '[-1, 1]1'])

1.3.9 Test interval systems

To check the performance of each implemented algorithm, it is tested on well-studied test systems. This
subsection describes some of these systems, for which the properties of the solution sets are known, and their
analytical characteristics and the complexity of numerical procedures have been previously studied.

The Shary system

def Shary(n, N=None, alpha=0.23, beta=0.35)

One of the popular test systems is the Shary system. Due to its symmetry, it is quite simple to determine
the structure of its united solution set as well as other solution sets. Changing the values of the system
parameters, you can get an extensive family of interval linear systems for testing the numerical algorithms.
As the parameter beta decreases, the matrix of the system becomes more and more singular, and the united
solution set enlarges indefinitely.

Parameters:

en
[int] Dimension of the interval system. It may be greater than or equal to two.

o N
[float, optional] A real number not less than (n 1). By default, N = n.
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e alpha
[float, optional] A parameter used for specifying the lower endpoints of the elements in the interval
matrix. The parameter is limited to 0 < alpha <= beta <= 1. By default, alpha = 0.23.

e beta
[float, optional| A parameter used for specifying the upper endpoints of the elements in the interval
matrix. The parameter is limited to 0 < alpha <= beta <= 1. By default, beta = 0.35.

Returns:

e out: Interval, tuple
The interval matrix and interval vector of the right side are returned, respectively.

Examples:

>>> A, b = ip.Shary(3)

>>> print('A: ', A)

>>> print('b: ', b)

A: Interval([['[2, 3]', '[-0.77, 0.65]"', '[-0.77, 0.65]1'],
['(-0.77, 0.65]', '[2, 3]', '[-0.77, 0.65]'],
[('f-o0.77, 0.65]', '[-0.77, 0.65]', '[2, 3]1']1])

b: Interval(['[-2, 2]', '[-2, 2]', '[-2, 2]'])

The Neumaier-Reichmann system

def Neumaier(n, theta, infb=None, supb=None)

This system is a parametric interval linear system, first proposed by K. Reichmann [2], and then slightly
modified by A. Neumaier. The matrix of the system can be regular, but not strongly regular for some values
of the diagonal parameter. It is shown that n x n matrices are non-singular for theta > n provided that n
is even, and, for odd order n, the matrices are non-singular for theta > sqrt(n~2 - 1).

Parameters:

e 1
[int] Dimension of the interval system. It may be greater than or equal to two.

e theta

[float, optional| Nonnegative real parameter, which is the number that stands on the main diagonal
of the matrix A.

e infb
[float, optional] A real parameter that specifies the lower endpoints of the components of the
right-hand side vector. By default, infb = -1.

e supb
[float, optional] A real parameter that specifies the upper endpoints of the components of the
right-hand side vector. By default, supb = 1.

Returns:

e out: Interval, tuple
The interval matrix and interval vector of the right side are returned, respectively.

Examples:

>>> A, b = ip.Neumaier(2, 3.5)
>>> print('A: ', A)
>>> print('b: ', b)

(continues on next page)
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A: Interval([['[3.5, 3.5]', '[0, 2]'],
['[0, 2]', '[3.5, 3.5]']])
b: Interval(['[-1, 1]', '[-1, 1]1'D)

References
[1] S.P. Shary - On optimal solution of interval linear equations // STAM Journal on Numerical Analysis. —
1995. — Vol. 32, No. 2. — P. 68-630.

[2] Reichmann K. Abbruch beim Intervall-Gauf-Algorithmus // Computing. — 1979. — Vol. 22, Issue 4. — P.
355-361.

[3] C.II. ITaperii - KoneunoMepHbIT NHTEPBAIbHbBINA aHAJINS.
Sergey P. Shary, * Finite-Dimensional Interval Analysis®

1.4 Recognizing functionals

This paragraph presents an overview of functions for investigating solvability of the set of solutions of interval
linear systems.

Run the following commands to connect the necessary modules

>>> import intvalpy as ip
>>> ip.precision.extendedPrecisionQ = False
>>> import numpy as np

Before we start solving a system of equations with interval data it is necessary to understand whether it is
solvable or not. To do this we consider the problem of decidability recognition, i.e. non-emptiness of the set
of solutions. In the case of an interval linear (m x n)-system of equations, we will need to solve no more than
2" linear inequalities of size 2m+n. This follows from the fact of convexity and polyhedra of the intersection
of the sets of solutions interval system of linear algebraic equations (ISLAU) with each of the orthants of R™
space. Reducing the number of inequalities is fundamentally impossible, which follows from the fact that the
problem is intractable, i.e. its NP-hardness. It is clear that the above described method is applicable only
for small dimensionality of the problem, that is why the recognizing functional method was proposed.

1.4.1 Tol for linear systems

class Tol

To check the interval system of linear equations for its strong compatibility, the recognizing functional Tol
should be used.
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Value at the point

** class Tol.value(A, b, x, weight=None)**
The function computes the value of the recognizing functional at the point x.
Parameters:

e A: Interval
The input interval matrix of ISLAE, which can be either square or rectangular.

e b: Interval
The interval vector of the right part of the ISLAE.

e x: np.array, optional
The point at which the recognizing functional is calculated.

e weight: float, np.array, optional
The vector of weight coefficients for each forming of the recognizing functional. By default, it is a
vector consisting of ones.

Returns:

e out: float
The value of the recognizing functional at the point x.

Examples:

As an example, consider the well-known interval system proposed by Barth-Nuding:

>>> A = ip.Interval([
(2, 41, [-1, 211,
[([-2, 11, [2, 4]1]
D
>>> b = ip.Interval([[-2, 2], [-2, 2]1)

To get the value of a function at a specific point, perform the following instruction

>>> x = np.array([1, 2])
>>> ip.linear.Tol.value(A, b, x)
-7.0

The point x does not lie in the tolerable solution set for this system, because the value of the recognizing
functional is negative.

Finding a global maximum

** class Tol.maximize(A, b, x0=None, weight=None, linear _constraint=None, kwargs)**

The function is intended for finding the global maximum of the recognizing functional. The ralgb5 subgradient
method is used for optimization.

Parameters:

e A: Interval
The input interval matrix of ISLAE, which can be either square or rectangular.

e b: Interval
The interval vector of the right part of the ISLAE.

1.4. Recognizing functionals 17
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e x0: np.array, optional
The initial assumption is at what point the maximum is reached. By default, x0 is equal to the
vector which is the solution (pseudo-solution) of the system mid(A) x = mid(b).

weight: float, np.array, optional
The vector of weight coefficients for each forming of the recognizing functional. By default, it is a
vector consisting of ones.

linear constraint: LinearConstraint, optional
System (Ib <= C <= ub) describing linear dependence between parameters. By default, the
problem of unconditional maximization is being solved.

e kwargs: optional params
The ralgb5 function uses additional parameters to adjust its performance. These parameters
include the step size, the stopping criteria, the maximum number of iterations and others. Specified
in the function description ralgb5.

Returns:

e out: tuple
The function returns the following values in the specified order: 1. the vector solution at which
the recognition functional reaches its maximum, 2. the value of the recognition functional, 3. the
number of iterations taken by the algorithm, 4. the number of calls to the calcfg function, 5. the
exit code of the algorithm (1 = tolf, 2 = tolg, 3 = tolx, 4 = maxiter, 5 = error).

Examples:

To identify whether the data is strong compatibility, optimization must be performed:

>>> A = ip.Interval([
({2, 41, [-1, 217,
[[-2, 11, [2, 4]]
D
>>> b = ip.Interval([[-2, 21, [-2, 211)
>>> ip.linear.Tol.maximize(A, b)
(array([0., 0.]), 2.0, 29, 46, 1)

The distinguishing feature of the Tol functional from the Uni and Uss functional is that regardless of whether
the matrix A interval or point matrix, the functional always has only one extremum. Thus it does not matter
which initial guess to start the search with. However, if one specifies an initial point, the search for a global
maximum can be accelerated.

In addition, conditional optimization with linear constraints has been implemented using the penalty function
method.

>>> A = ip.Interval([
[[2, 4], [10, 11.99999]7,
[([-2, 11, [2, 4]]

>>> b = ip.Interval([[-2, 2], [-2, 2]]) + 0.15

>>> C = np.array([
[1, o],
[0, 1]
D
>>> ub = np.array([5, 5])
>>> 1b = np.array([0, 0.1])
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>>> linear_constraint = ip.LinearConstraint(C, ub=ub, 1lb=1b)
>>> ip.linear.Tol.maximize(A, b, linear_constraint=linear_constraint, tolx=1e-20)
(array([3.48316025e-17, 1.00000000e-01]), 0.9500009999999999, 114, 288, 1)

1.4.2 Uni for linear systems

class Uni

To check the interval system of linear equations for its weak compatibility, the recognizing functional Uni
should be used.

Value at the point

** class Uni.value(A, b, x, weight=None)**
The function computes the value of the recognizing functional at the point x.
Parameters:

e A: Interval
The input interval matrix of ISLAE, which can be either square or rectangular.

e b: Interval
The interval vector of the right part of the ISLAE.

e X: np.array, optional
The point at which the recognizing functional is calculated.

e weight: float, np.array, optional
The vector of weight coefficients for each forming of the recognizing functional. By default, it is a
vector consisting of ones.

Returns:

e out: float
The value of the recognizing functional at the point x.

Examples:

As an example, consider the well-known interval system proposed by Barth-Nuding;:

>>> A = ip.Interval([
(f2, 41, [-1, 211,
(-2, 11, [2, 4]]
D
>>> b = ip.Interval([[-2, 2], [-2, 2]1)

To get the value of a function at a specific point, perform the following instruction

>>> x = np.array([1, 2])
>>> ip.linear.Uni.value(4, b, x)
0.0

The point x does lie in the united solution set for this system, because the value of the recognizing functional
is not negative.
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Finding a global maximum

** class Uni.maximize(A, b, x0=None, weight=None, linear _constraint=None, kwargs)**

The function is intended for finding the global maximum of the recognizing functional. The ralgh5 subgradient
method is used for optimization.

Parameters:

e A: Interval
The input interval matrix of ISLAE, which can be either square or rectangular.

e b: Interval
The interval vector of the right part of the ISLAE.

x0: np.array, optional
The initial assumption is at what point the maximum is reached. By default, x0 is equal to the
vector which is the solution (pseudo-solution) of the system mid(A) x = mid(b).

weight: float, np.array, optional
The vector of weight coeflicients for each forming of the recognizing functional. By default, it is a
vector consisting of ones.

e linear constraint: LinearConstraint, optional
System (Ib <= C <= ub) describing linear dependence between parameters. By default, the
problem of unconditional maximization is being solved.

e kwargs: optional params
The ralgb5 function uses additional parameters to adjust its performance. These parameters
include the step size, the stopping criteria, the maximum number of iterations and others. Specified
in the function description ralgb5s.

Returns:

e out: tuple
The function returns the following values in the specified order: 1. the vector solution at which
the recognition functional reaches its maximum, 2. the value of the recognition functional, 3. the
number of iterations taken by the algorithm, 4. the number of calls to the calcfg function, 5. the
exit code of the algorithm (1 = tolf, 2 = tolg, 3 = tolx, 4 = maxiter, 5 = error).

Examples:

To identify whether the data is weak compatibility, optimization must be performed:

>>> A = ip.Interval([
[(f2, 41, [-1, 211,
(-2, 11, [2, 4]]
D
>>> b = ip.Interval([[-2, 2], [-2, 2]11)
>>> ip.linear.Uni.maximize(A, b)
(array([0., 0.]1), 2.0, 29, 45, 1)

However, we know from theory that even in the linear case the recognizing function Uni is not a concave
function on the whole investigated space. Thus, there is no guarantee that the global maximum of the
function, and not the local extremum, was found using the optimization algorithm.

As some solution, the user can specify an initial guess, based, for example, on the features of the matrix.
This can also speed up the process of finding the global maximum.

In addition, conditional optimization with linear constraints has been implemented using the penalty function
method.
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>>> A = ip.Interval([
[[2, 4], [10, 11.99999]7,
[[_2, 1], [2: 4]]

>>> b = ip.Interval([[-2, 2], [-2, 2]]) + 0.15

>>> C = np.array([

[1, o1,
[0, 1]
D
>>> ub = np.array([5, 51)
>>> 1b = np.array([0, 0.1])

>>> linear_constraint = ip.LinearConstraint(C, ub=ub, 1lb=1b)
>>> ip.linear.Uni.maximize(A, b, linear_constraint=linear_constraint, tolx=1e-20)
(array([1.47928518e-17, 1.00000000e-01]), 1.15, 110, 259, 1)
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1.5 Interval linear systems

This paragraph presents an overview of functions for obtaining estimates of the set of solutions of interval
linear systems.

Run the following commands to connect the necessary modules

>>> import intvalpy as ip
>>> import numpy as np

1.5.1 Variability of the solution

def ive(A, b, N=40)

When solving the system, we usually get many different estimates, equally suitable as answers to the problem
and consistent with its data. It is the variability that characterizes how small or large this set is.

To get a quantitative measure, use the ive function:
Parameters:

o A
[Interval] The input interval matrix of ISLAE, which can be either square or rectangular.
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b
[Interval] The interval vector of the right part of the ISLAE.

e N
[int, optional] The number of corner matrices for which the conditionality is calculated. By default,
N = 40.

Returns:

e out
[float] A measure of the variability of an interval system of linear equations IVE.

Examples:

A randomized algorithm was used to speed up the calculations, so there is a chance that a non-optimal value
will be found. To overcome this problem we can increase the value of the parameter N.

>>> A = ip.Interval([
[[98, 100], [99, 101]],
(97, 991, [98, 10011,
[[96, 981, [97, 991]
D
>>> b = ip.Interval([[190, 210], [200, 2201, [190, 21011)
>>> ip.linear.ive(A, b, N=60)
1.56304

For more information, see the article Shary S.P.

1.5.2 MeTtopg rpaHn4HbIX UHTEpPBaIOB

B ciyuae, Korga mosiBiisieTcss HEOOXOAMMOCTH BHU3YaJIU3UPOBATH MHOYXKECTBO PEINEHHIl CHCTEMbl JIMHEHHBIX
HepaBeHCTB (MJIM HHTEPBAIBHYIO CUCTEMY YPABHEHHUIA ), & TAKIKE MOJIYINTh BCE BEPIINHBI MHOXKECTBO, MOKHO
NpuberHyTh K METOIAM PeIlleHusl IpobseMbl mepedncienus: Bepimd. OIHAKO CYIIECTBYONINE peajn3aliun
MMEOT PsiJ HEIOCTATKOB: paboTa TOJBKO C KBAaJIPATHBIMHU CHUCTEMAMH, I1JI0Xas 00paboTKa HEOrDAHMIEHHBIX
MHOXKECTB.

OCHOBBIBasSICh Ha TIPUMEHEHUH MAMPUUDbL 2DAHUYHOLT UHMEPEAN0E DB MPEIJIOKEH Memod 2PAHUYHLT UH-
MEPBaAN0S JIJIST UCCTICIOBAHNUS M BU3YAJIU3AIUN TOJIIIPATBHBIX MHOYKECTB. [ JTaBHBIMU TPEUMYIIIECTBAMHU JTaH-
HOT'O TIOJIXO0JIa SIBJISIETCS BO3MOXKHOCTH PA0OTaTh C HEOIPDAHMYEHHBIMU U TOIMMU MHOYKECTBAMU PEIIeHUil, a
TaK>XKe C JIMTHEWHBIMIA CUCTEMAMU, KOTJ[a KOJUIECTBO YPABHEHUN OTJIMIHO OT KOJIUIECTBA HEN3BECTHBIX.

Hutst obriero moHNMaHUsT pabOTHI AJTOPUTMA YKAXKEM €r0 OCHOBHBIE ITTATH:

dopMupOBaHKe MATPHUIE IPAHUYHBHX HHTEPBAJIOB;
/lsMeHeHMe MaTpulb T'DAHWYHHX MHTEPBAJIOB C YYETOM OKHA OTPHUCOBKHU;
[locTpoeHNe YNOPAMOUEHHHX BEPINH IOJUSAPATIbHOTO MHOXECTBA pelleHUH;

S w N -

BriBOZ, MOCTpOEHHHX BepuwH u (eCiau Hamo) OTPHUCOBKA IOJIUA3IpPA.
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OBymepHas Busyanusauns NUHEAHONA CUCTEMblI HEPABEHCTB

st paboThl ¢ IMHEHHON crucTeMoil anredbpandeckux HepaBeHCTB A X >= b, Korya KOJUIeCTBO HEM3BECTHBIX
pPaBHO JIBYM, HEOOXOIMMO BOCIIOIBL30BaThC yHKIN lineqs. B ciydae, eciim MHOXKeCTBO peIlleHmii HeOrpa-
HUYEHHO, TO AJTOPUTM CAMOCTOSITEIFHO BBIOEpET TPAHUIIbI OTPUCOBKHU. OJIHAKO MOJIH30BATENH CAM MOXKET
YKa3aTb UX sABHbIM 06pa30M.

Parameters:

e A: float

Matpura cucTemMbl JIMHERHBIX aaredpandecKux HEPABEHCTB.

e b: float
BekTop mpaBoii 9acTu cuCTEeMbI JIUHEHHBIX aarebpandecKuX HEPaBEHCTB.

e show: bool, optional
JaHubIit mapaMeTp OTBeYaeT 3a TO OyIeT Ju MOKa3aHo MHOXKecTBO pemrenwnit. [lo ymosraanuio
yKazaHo 3nadenune True, T.e. MPOUCXOIUT OTPUCOBKA T'paduKa.

e title: str, optional
Bepxusisa snerenma rpaduka.

e color: str, optional
[IBer BHyTpeHHEH 007ACTH MHOXKECTBA PEITEHMUIA.

e bounds: array like, optional
T'panuner orpucoBouHOro okHa. [IepBBIil 9/IeMEHT MacCHBa OTBEYAET 3a HUMKHHME TPAHU MO OCSM
OX u OY, a Bropoii 3a Bepxuue. Takum ob6pazoM, s Toro, 4robel OX jexkano B upejenax [-2,
2], a OY B mpegenax [-3, 4], HeoGxomumo 3a1arb bounds kax [[-2, -3], [2, 4]].

e alpha: float, optional
IIpospatnocTh rpaduka.

e s: float, optional
Hackosbko Bestmku TOYKM BEPITIHH.

e size: tuple, optional
Pasmep oTprucoBoYHOTO OKHA.

e save: bool, optional
Ecnu 3nagenune True, To rpaduk coxpansercs.

Returns:

e out: list
Boszspaiaercst crimcok ymnopsiioueHHbIX BepinuH. B ciy4ae, ecaum show = True, To rpaduk orpu-
COBBIBaA€ETCHA.

Examples:

B kauecTBe mpuMepa mpejyiaraeTcs pacCMOTPETh CUCTEMY OIMCHIBAIONIYIO JBEHAIITATHYTOJIbHUK:

>>> A = -np.array([[-3, -1],

>>> [-2, -21,
>>> [-1, -31,
>>> [1, -31,
>>> [2, -21,
>>> [3, -11,
>>> (3, 11,
>>> [2, 21,
>>> [1, 31,

(continues on next page)
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(npozoIKeHne ¢ IPeAblyIel CTPAHUIbI)

>>> [-1, 31,
>>> [-2, 21,
>>> [-3, 111)

>>> b = -np.array([18,16,18,18,16,18,18,16,18,18,16,18])
>>> vertices = ip.lineqs(A, b, title='Duodecagon', color='peru', alpha=0.3, size=(8,8))
array([[-5., -3.1, [-6., -0.], [-5., 3.1, [-3., 5.1, [-0., 6.1, [ 3., 5.1,

(5., 31,[s6., 0.1, [5.,-3.1,[3.,-5.1, [0., -6.1, [-3., -5.11)

Ducdecagon
& A -
L] -
4
- -
7
0 * *
—7
. .
_4 .
- -
-5 - .
5 = = : : : ;
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TpéxmepHas Bu3yannsaunsa NHERHOW CUCTEMbI HEPABEHCTB

s paboThl ¢ JIMHEHHOW CHCTEeMOl ajaredpamvecKuX HepaBeHCTB A X >= b, Korja KOJUYECTBO HEU3BECT-
HBIX PABHO TPEM, HEOOXOMMMO BOCIOJIb30BaThcs (yukiuit 1ineqs3D. B ciydae, ecim MHOXKECTBO pemteHuit
HEOIPAHUYIEHHO, TO aJITOPUTM CAMOCTOSTEJIHHO BhIOEpET I'paHuIbl OTpUCcOBKEU. OJHAKO IMOJIH30BATENb CAM
MOXKET YKa3aTh UX sIBHBIM 00pa3oM. [ljiss moHUMaHUs, YTO MHOXKECTBO PeIeHnt 00pe3aHo, TIJIOCKOCTH OKPa-
MINBAIOTCA B KPACHBIN IIBET.

Parameters:

e A: float

Matpuia cucTeMbl JIMHERHBIX aJaredpaniecKux HEPABEHCTB.

e b: float
BexTop mpaBoit yacTu cuCTEMBI JTUHEHHBIX aJreOpandecKux HEepaBeHCTB.

e show: bool, optional
JaHubIil mapaMeTp OTBeYaeT 3a TO OyIeT Ju MOKa3aHO MHOXKecTBO pemrenwnit. [lo ymosraanuio
yKazaHo 3uadenune True, T.e. MPOUCXOIUT OTPUCOBKA I'paduKa.

e color: str, optional
IIBer BHyTpEHHE! 00/IACTH MHOXKECTBA PEIIEHUIA.

e bounds: array like, optional
TI'panurner orpucoBounoro okHa. [IepBblil 2/1eMeHT MaccHBa OTBEYAET 3a HUXKHUE TPAHM 110 OCSIM
OX, OY u OZ, a Bropoii 3a Bepxuue. Takum obpazom, jist Toro, urodbbl OX jexkaso B mpejeiax
[-2, 2], a OY B upenenax [-3, 4], a OZ B npegenax [1, 5] Heobxonumo 3aaTh bounds Kak [[-2, -3,
1], 12, 4, 5.

e alpha: float, optional
IIpozpaunocts rpaduxa.

e s: float, optional
Hackosibko Bestmku TOYKM BEPITHH.

e size: tuple, optional
Pazmep oTpucoBoUHOrO OKHA.

Returns:

e out: list
Boseparmmaercst cimcok ymopsiiodeHHbIX BepiuH. B ciaywae, eciim show = True, To rpaduk oTpu-
COBBIBAETCS.

Examples:

B kavecTBe mpuMepa mpejytaraeTcss pacCMOTPETH CHCTEMY OIMCBHIBAIONTYIO IOJTY':

>>> Jmatplotlib notebook

>>> k = 4

>>> A = []

>>> for alpha in np.arange(0, 2+#np.pi - 0.0001, np.pi/(2¥k)):

>>> for beta in np.arange(-np.pi/2, np.pi/2, np.pi/(2xk)):

>>> Ai = -np.array([np.sin(alpha), np.cos(alpha), np.sin(beta)])
>>> Ai /= np.sqrt(Ai @ Ai)

>>> A . append(Ai)

>>> A = np.array(A)

>>> b = -np.ones(A.shape[0])
>>>
>>> vertices = ip.lineqs3D(4, b)
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Busyanusaums muoxecrsa pewennin UCJTAY ¢ gBymMsi Hen3BecTHbIMU

st paboThl ¢ MHTEPBAJILHOM JUHEHHON cucTeMoll ajnrebpandeckux ypasuenuit A x = b, Korma KosmaecTBo
HEM3BECTHBIX PABHO JIBYM, HEOOXOINMO BOCIIOIH30BATHCA GyHKIHMI IntLinIncR2.

15t mocTpoeHnsT MHOXKECTBA PEIIeHni Pa30b6bEM OCHOBHYIO 3aJlady Ha deTbhIpe moj3ajadu. st 9Toro Boc-
HOJIb3yeMCsI CBOIICTBOM BBLITYKJIOCTH PEIeHNs B HePeceueHuH ¢ KayKIBIM I3 OPTAHTOB IIpocTpaHcTBa R2, a
Tak>Ke xapakrepusareil bekka. B pesysiprare mogydnm 3amadu ¢ cUCTEMaMy JIMHEHHBIX HEPABEHCTB B KaXK-
JIOM OpTaHTE, KOTOPbIe MOYXKHO BU3YAJU3UPOBATH C IIOMOIBI0 hyHKINKA linegs.

B ciyuae, ecoim MHOXKECTBO peleHUil HEOIPAHUYEHHO, TO AJITOPUTM CAMOCTOATEHHO BhIOEPET I'PAHUIIBI OT-
pucoBku. OIHAKO MTOJIB30BATENb CAM MOYKET YKa3aTh UX sIBHBIM 00pPa3oM.

Parameters:
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A
[Interval] Bxonuast uaTepBasbras marpuiia LCJIAY, Koropast MOKeT OBITh Kak KBaJIPATHO, Tak
U IPAMOYTOJIBHOA.

b
[Interval| MnTepBanbroit BekTop mpasoit wactu VICJIAY.

show: bool, optional
ﬂaHHLII';I ImapaMeTp oTBe4YaeT 3a TO 6yﬂeT JI1 IIOKa3aHO MHOXKECTBO peHIeHI/IfI. HO YMOJI9aHUIO
yKa3aHo 3HadeHwue True, T.e. MPOUCXOIUT OTPUCOBKA I'paduKa.

title: str, optional
Bepxuss nerena rpaduka.

consistency: str, optional
ITapamerp mist BeIOOpa THIIA MHOYXKECTBa pelieHuii. B ciiydae, ecim OH paBeH consistency = ,uni®,
10 DYHKIINS BO3BpaIaeT 00beIMHEHHOE MHOXKECTBO peIlieHne, ecjin consistency = ,tol“, To momyc-
KOBOe.

bounds: array like, optional
I'panurner orpucoBounoro okHa. IlepBblil 9/1eMeHT MaccuBa OTBEYAET 3a HUXKHUE I'DAHU 110 OCSIM
OX u OY, a Bropoii 3a Bepxuue. Takum obpazoM, g Toro, 4robsl OX jexkaso B upezenax [-2,
2], a OY B mpegenax [-3, 4], HeoGxonumo 3a1arb bounds kax [[-2, -3], [2, 4]].

color: str, optional
IIBer BHYTpEHHEl 00/IACTH MHOXKECTBA, PEIIEHUIA.

alpha: float, optional
IIpospaumocTs rpaduxka.

s: float, optional

HaCKOﬂbKO BEJIMKW TOYKH BEPIIUH.
size: tuple, optional

Pasmep oTpucoBoYHOro OKHA.

save: bool, optional
Ecau 3navenne True, To rpaduk coxpamHseTcs.

Returns:
e out: list
Bossparmaercst crimcok ymopsiio9eHHbIX BEPIIUH B KAaXK/IOM OPTaHTe HAYMHAS C MIEPBOTO U COBEP-
mast 00X0/1 B TTOJIOKUTEILHOM Hampasienun. B caydae, eciu show = True, To rpaduk oTprCOBBI-
BaeTCs.
Examples:

B kadecTBe npumepa nperaraeTcss pacCMOTPETD IMTUPOKOU3BECTHY IO HHTEPBAIBHYIO CUCTEMY IIPEJIOKEHHY IO
Baprom-Hyquurom. /Ias HaT/IA HOCTH HACKOIBKO OTIUIAIOTCS PA3HBIE TUTIBI PEIIeHU n300pa3nuM Ha OIHOM
rpaduke 00beIMHEHHOE U JOMTYCKOBOE MHOXKECTBA!

>>> import matplotlib.pyplot as plt
>>>
>>> A = ip.Interval([[2, -21,[-1, 211, [[4,11,[2,41D)
>>> b = ip.Interval([-2, -2], [2, 2])
>>>
>>> fig = plt.figure(figsize=(12,12))
>>> ax = fig.add_subplot(111l, title='Barth-Nuding')
>>>
(continues on next page)
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(npomoJKeHne ¢ MpeapLAyIell CTPAHUIBL)

>>> verticesl = ip.IntLinIncR2(A, b, show=False)
>>> vertices2 ip.IntLinIncR2(A, b, consistency='tol', show=False)

>>>
>>> for v in verticesl:
>>> # ecau nepecevenue C OPMAKHMOM HE RYCMO
>>> if len(v) > 0:
>>> x, y = v[:,0], v[:,1]
>>> ax.fill(x, y, linestyle = '-', linewidth = 1, color='gray', alpha=0.5)
>>> ax.scatter(x, y, s=0, color='black', alpha=1)
>>>
>>> for v in vertices2:
>>> # ecau nepecevenue C OPMAHMOM HE RYCmMO
>>> if len(v) > 0:
>>> x, y = v[:,01, v[:,1]
>>> ax.fill(x, y, linestyle = '-', linewidth = 1, color='blue', alpha=0.3)
>>> ax.scatter(x, y, s=10, color='black', alpha=1)
Barth-Nuding
1]
14
3
1 |
D |
-1 4
_2 -
_3 -
4
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Busyanusauus mHoxectsa pewenuin MCJTAY ¢ Tpems Heu3BeCTHbIMU

J1s paboThI ¢ MHTEPBAJILHOM JIUHEHHON cucTeMoll ajrebpandeckux ypaBueHuit A x = b, Korma KosmaecTBo
HEN3BECTHBIX PABHO TPEM, HEOOXOIMMO BOCIIOIH30BaThCA PyHKINN IntLinIncR3.

g mmocTpoeHnss MHOXKECTBa pelleHuil pa300bEM OCHOBHYIO 3a3Ja4y Ha BOoceMb moxazajad. Jljms sToro Boc-
HOJIB3yeMCsI CBOIICTBOM BBIIYKJIOCTH PEIeHUs] B IEePECEUeHNH € KAXKIBIM U3 OPTAHTOB IIpocTpaHcTBa R3, a
Tak:Ke Xapakrepusareit bekka. B pesynbrare moydnM 3a7a4M1 ¢ CUCTEMaMU JIMTHEHHBIX HEPABEHCTB B KaXK-
JIOM OpTaHTe, KOTOPhIE MOYKHO BU3YaJU3UPOBATH C IMOMOIIBI0 dyHKImn 1lineqs3D.

B caydae, ecim MHOXKECTBO peNTeHU HEOTPAHUYIEHHO, TO AJTOPUTM CAMOCTOSITETBHO BBIOEPET TPAHUIIBI OT-
) )

pucoBku. OHAKO T0JIH30BATE/Ib CAM MOXKET yKa3aTh UX SIBHBIM 00pa3oM. JIjis MOHMMaHUsI, 9T0 MHOXKECTBO

peleHnii 06pe3aHo, IJIOCKOCTA OKPAIIUBAIOTCS B KPACHBIN IIBET.

Parameters:

e A
[Interval] Bxonuas naTepsasbras marpuia LCJIAY, koTopast MOKET GBITh KakK KBaJIPATHOMN, Tak
U TIPSIMOYTOJIBHOIA.

eb
[Interval] Murepsasibhoit Bekrop npasoit yacru MCJIAY.

e show: bool, optional
JlaHuplil MapamMeTp oTBedaer 3a TO OyeT JiM II0Ka3aHO MHOXKecTBO pemienwii. [lo ymomganuio
yKa3aHO 3HadeHue True, T.e. MPOUCXOIUT OTPUCOBKA I'paduKa.

e consistency: str, optional
[Tapamerp mutst BIOOpa THIIAa MHOXKeCTBa perrenunit. B cirygae, eciim oH paBen consistency = ,uni,
TO (DYHKIINSA BO3BpAIIaeT 00beTMHEHHOE MHOXKECTBO peIlieHne, ecan consistency = ,tol”, To momyc-
KOBOE.

e bounds: array like, optional
T'parnunsl OTPUCOBOYHOrO OKHA. [IepBBIil 3JIEMEHT MACCHBa OTBEYAET 3a HUKHHE T'PAHU IO OCAM
0OX, OY u OZ, a Bropoii 3a Bepxuue. Takum obpazom, jyist Toro, arodbl OX jiexKajo B mpejesiax
[-2, 2], a OY B upenenax [-3, 4], a OZ B upenenax [1, 5] meobxomumo 3amars bounds kak [[-2, -3,
1], [2, 4, 5]

e color: str, optional
IIBer BHyTpEHHE! 00/IACTH MHOXKECTBA PEIIEHUIA.

e alpha: float, optional
IIpospasmocTs rpaduka.

e s: float, optional
Hackosbko BestMKy TOYKM BEPIIHUH.

e size: tuple, optional
Pazmep oTpuCcOBOYHOTO OKHA.

Returns:

e out: list
Bospparmaercst crinmcok ymopsiIOUeHHBIX BEPIIUH B KaxXKI0M opTanTe. B ciaydae, ecau show = True,
TO TpadUK OTPUCOBBIBACTCSI.

Examples:

B kagecTBe mpumMepa paccMOTPUM MHTEPBAJIBHYIO CHCTEMY Y KOTODOH PeIlleHrneM siBJISeTCsi Besi 00JIaCTh 3a
HUCKJIIOYEHUEM BHYTPEHHOCTH:
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>>> Ymatplotlib notebook

>>> inf = np.array([[-1,-2,-2], [-2,-1,-2], [-2,-2,-111)
>>> sup = np.array([[1,2,2], [2,1,2], [2,2,11])

>>> A = ip.Interval(inf, sup)

>>> b = ip.Interval([2,2,2]1, [2,2,2])

>>>

>>> bounds = [[-5, -5, -5], [5, 5, 51]
>>> vertices =

ip.IntLinIncR3(A, b, alpha=0.5, s=0, bounds=bounds, size=(11,11))

30

lnasa 1. Contents




Python

Cnncok ncnonb30BaHHOW NUTepaTypbl

[1] M. A. ITapas - Meroj rpaHUYHBIX UHTEPBAJIOB JJisl BU3YAIU3AIMU TOJUIIPAILHBIX MHOKECTB DelleHui
// Boraucaurensusie rexunonoruu, Tom 20, No 1, 2015, crp. 75-103.

[2] TT.A. IIepbuna - MeTox rpaHUIHBIX HHTEPBAJIOB B CBOOOJIHOI cuCTEMe KOMIIBIOTEPHOI MaTemMaTuku Scilab

[3] C.II. ITapsrit - KoneunomepHbIil nHTEPBAJIBHBII aHATNS.

1.5.3 MeToabl gnsa peweHnst KBagpaTHbIX CUCTEM

B mamnOM pasmese mpeitozKeHbI AJITOPUTMBL JJIsI PEIIeHNs] KBAIPATHBIX NHTEPBAJIBHBIX CHCTEM YDPABHEHUIA.

MeTtop, lMNaycca

Meron uckouenust [aycca, BKouasi ero pas3jimdnble MOAUMUKAIMY, KpailHe TONyJIAPHBIA aJIrOPTUM B BbI-
YUCTUTENBHON JTnHeitHoi arebpe. [ToaroMy nmpeiaraercst paccMOTPETH €r0 UHTEPBAJILHYIO BEPCUIO, KOTOPAst
TaK»Ke COCTOUT U3 JIBYX ITALOB — NPAMOU 00 U 06pamHbill To0.

Parameters:

e A
[Interval] Bxognas unrepsanbuas marpuna MCJIAY, koTopas g0/KHA ObITH KBAIPATHOI.

b
[Interval| UnTepsanbroit BekTop mpasoit wactu VCJIAY.

Returns:

e out
[Interval] aTepBanbHblii BEKTOP, KOTOPBIiA LOCJIE [OJCTAHOBKU B CHCTEMY YPABHEHHH M BBIIIOJI-
HEHUsI BCEX OIepaluil o npasuiaM apudMeTUKNA U aHaJiM3a 00paIaeT ypaBHEHUs B WHCTUHHbBIE
PaBeHCTBa.

Examples:

B kagecTBe mpmmepa paccMOTPHM MIMPOKO M3BECTHYIO MHTEPBAJIBHYIO CHCTEMY, IPEIJIOKEHHYI0 baprom-
Hynunarom:

>>> A = ip.Interval([[2, -2],[-1, 211, [[4, 11,[2, 411D
>>> b = ip.Interval([-2, -2], [2, 2])

>>> ip.linear.Gauss(A, b)

interval(['[-5.0, 5.0]"', '[-4.0, 4.0]'])

Interval Gauss-Seidel method

def Gauss_Seidel(A, b, x0=None, C=None, tol=1e-12, maxiter=2000)

The iterative Gauss-Seidel method for obtaining external evaluations of the united solution set for an interval
system of linear algebraic equations (ISLAE).

Parameters:

o A
[Interval| The input interval matrix of ISLAE, which can be either only square.

b
[Interval] The interval vector of the right part of the ISLAE.
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e X: Interval, optional
An initial guess within which to search for external evaluation is suggested. By default, X is an
interval vector consisting of the elements [-1000, 1000].

e C: np.array, Interval
A matrix for preconditioning the system. By default, C = inv(mid(A)).

tol: float, optional
The error that determines when further crushing of the bars is unnecessary, i.e. their width is
«close enough» to zero, which can be considered exactly zero.

e maxiter: int, optional
The maximum number of iterations.

Returns:

e out
[Interval] Returns an interval vector, which means an external estimate of the united solution set.

Examples:

>>> A = ip.Interval([
(2, 41, [-2, 111,
(-1, 21, [2, 4]]
D
>>> b = ip.Interval ([[1, 2], [1, 211)
>>> ip.linear.Gauss_Seidel(A, b)
Interval(['[-10.6623, 12.5714]', '[-11.0649, 12.4286]'])

Preconditioning the system with the inverse mean yields a vector of external evaluations that is wider than
if a special type of preconditioning matrix were carefully selected in advance. The system presented below
is the same system as described above, but preconditioned with a specially selected matrix.

>>> A = ip.Interval ([[0.5, -0.456], [-0.438, 0.624]],
([1.176, 0.448], [0.596, 1.36]]1)

>>> b = ip.Interval([0.316, 0.27], [0.632, 0.624])

>>> ip.linear.Gauss_Seidel(A, b, C=ip.eye(A.shape[0]))

Interval(['[-4.26676, 6.07681]"', '[-5.37144, 5.26546]'])

Parameter partitioning methods

def PPS(A, b, tol=1e-12, maxiter=2000, nu=None)

PPS - optimal (exact) componentwise estimation of the united solution set to interval linear system of
equations.

x = PPS(A, b) computes optimal componentwise lower and upper estimates of the solution set to interval
linear system of equations Ax = b, where A - square interval matrix, b - interval right-hand side vector.

x = PPS(A, b, tol, maxiter, nu) computes vector x of optimal componentwise estimates of the solution set
to interval linear system Ax = b with accuracy no more than epsilon and after the number of iterations
no more than numit. Optional input argument ncomp indicates a component’s number of interval solution
in case of computing the estimates for this component only. If this argument is omitted, all componentwise
estimates is computed.

Parameters:

e A: Interval
The input interval matrix of ISLAE, which can be either square or rectangular.
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e b: Interval
The interval vector of the right part of the ISLAE.

tol: float, optional
The error that determines when further crushing of the bars is unnecessary, i.e. their width is
«close enough» to zero, which can be considered exactly zero.

e maxiter: int, optional
The maximum number of iterations.

e nu: int, optional
Choosing the number of the component along which the set of solutions is evaluated.

Returns:

e out: Interval
Returns an interval vector, which, after substituting into the system of equations and performing
all operations according to the rules of arithmetic and analysis, turns the equations into true
equalities.

Examples:

>>> A, b = ip.Neumeier(5, 10)

>>> ip.linear.PPS(A, b)

Interval (['[-0.214286, 0.214286]"', '[-0.214286, 0.214286]', '[-0.214286, 0.214286]', '[-
-,0.214286, 0.214286]', '[-0.214286, 0.214286]'])

Cnuncok Mcnonb30BaHHOW NuTepaTypbl

[1] R.B. Kearfott, C. Hu, M. Novoa III - A review of preconditioners for the interval Gauss-Seidel method
// Interval Computations, 1991-1, pp 59-85

[2] C.II. Iapeiii - KoneunomepHblii MHTEPBAJIbLHBIN AHAJIHS.

[3] S.P. Shary, D.Yu. Lyudvin - Testing Implementations of PPS-methods for Interval Linear Systems //
Reliable Computing, 2013, Volume 19, pp 176-196

1.5.4 MeToabl gnsa peweHusi nepeonpenenéHHbiX CUCTEM

B ciryuasix, korma paccMaTpuBaeTcs mepeornpeieIiEHHas HHTEPBAIbHAS CHCTEMA JTUHEHBIX aJrebpamdecKux
ypasuenuit (ICJIAY), 1o eciiu 0T6pOCUTH HEKOTOPBIE ypPaBHEHUsI, YTO0OBI IIPUBECTH CUCTEMY K KBaJIPATHOMY
BHJY, TO HOJIyIEHHBIII BEKTOP-PeIeHne OyIeT COMEPKATh ONTHMAJILHOE OIEHUBAHUST MHOXKECTBA DPEIIEeHUII.
OnHaKo Takoil IPUEM MOXKET 3HAUUTENBHO YXYAIUTH (PAa3lyTh) ONEHKY, ITO, HECOMHEHHO, SIBJISIETCS HEIKE-
JIaTeIbHBIM. B CBA3M ¢ 9TUM TIpeJjIaraeTcss pacCMOTPETh HEKOTOPbIE AJITOPUTMBI JIJTsT PEIIEHUsT TIePeoTIpe ie-
JIEHHBIX CHCTEM.
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Metoa Pona

Merogz, npengoxennpiii /Ixx. Ponom B crarbe [1], 1yis mostydenns BeKTOpa-penieHnsi, OCHOBAH HA PEIICHUN
BCIIOMOTATEILHOTO KBAIPATHOTO JIMHEHHOTO HepaBeHCTBA. LIS mOIydeHns: JAHHOTO HEPABEHCTBA aKTHUBHO
UCTOJIb3YeTCsT HanboJree mpejiCTaBUTe/IbHAST TOYedHasi MaTpuIa Ac 3 WHTEBApJIHHON MaTpuibl A, T.e. Ac =
mid(A). PeanuzoBaHHBII arOpuTM SABJISIETCST ITPOCTEHIIEH Bapualyeil aaropuTMa IpeJyIo2KeHHOT0 B CTaThe
U He JTa€T ONTUMAJIbHOE OIIEHMBAHNE MHOYKECTBA PEITeHUt.

Parameters:

o A
[Interval| Bxonuas natepsanbaas marpuia LCJIAY, koTopast MOKET OBITh Kak KBaJIPATHOMN, Tak
U TIPSIMOYTOJIBHOIA.

eb
[Interval] Murepsasibhoit Bekrop npasoii yacru MCJIAY.

e tol
[float, optional] ITorpemHocTs, onpenenatmas, Korja JanbHeiinee qpobiaeHre GPycoB M3JIUIIHE,
T.e. UX IIAPUHA «JIOCTATOYHO OJIM3KA» K HYJIIO, 9YTO MOXKET CUMTATHCA TOYHO HYJIEBOIA.

e maxiter
[int, optional] MakcumasbHOe KOJIMYIECTBO UTEPAIMIi JIJIsl BBIIOIHEHUS AJTOPUTMA.

Returns:

e out
[Interval] MaTepBanbblii BEKTOP, KOTOPBIi OC/IE HOJCTAHOBKU B CUCTEMY YPABHEHUN U BBIIIOJI-
HEHUsI BCEX OIepaIuil o npaBuiaM apudMETUKNA U aHAJIN3a 00pAIlaeT yPABHEHUS B WHCTUHHBIE
PaBEHCTBA.

Examples:

B kagecTBe mpumepa paccMOTPHUM HIMPOKO W3BECTHYIO MHTEPBAJIBHYIO CHCTEMY, IPEIJIOXKEeHHYI0 baprom-
Hynunarom:

>>> A = ip.Interval([[2, -2],[-1, 211, [[4,1]1,[2,41D)
>>> b = ip.Interval([-2, -2], [2, 2])

>>> ip.linear.Rohn(A, b)

Interval(['[-14, 14]', '[-14, 14]1'])

DTOT npuMep TaKKe JIEMOHCTPUPYET, YTO PelleHre MOYKeT ObITh JIaJIeKO OT ONTHMAJbLHOIO, KOTOPLIi B JIaH-
HoM ciydae pasen Interval([,[-4, 4], ,,[-4, 4]‘]). B xauecTBe BTOpPOro HpuMepa MpejIaraeTcs pacCMOTPeTh
tecroByio cucremy C.II. HTaporo:

>>> A, b = ip.Shary(4)

>>> ip.linear.Rohn(A, b)

Interval(['[-4.34783, 4.34783]', '[-4.34783, 4.34783]', '[-4.34783, 4.34783]', '[-4.
34783, 4.34783]'])

B ornmyne ot nporniioro npuMepa JaHHBIN BEKTOP-PEIIEHNE JJOCTATOYHO OJIM30K K ONTHMAJIHLHOMY BHEIITHEMY
OIEHUBAHMUIO.

34 lnasa 1. Contents




Python

Metog apobneHus pewennii

Tubpummbiit MeTos apobienus pemennii PSS, moapobuo onucanubiit B [2]. PSS-anroprumsl npeHazHadernt
JIJTsT HAXOXKJIEHUSI BHEITHUX ONTUMAJIBHBIX OINEHOK MHOYKECTB DEIIeHUN WHTEPBAJbHBIX CHCTEM JIMHEHHBIX
anrebpanyeckux ypasuenuii (MICJIAY) A x = b.

B kadecTBe 6a30BOT0 METO/ a2 BHEIITHETO OIEHUBAHUS B IPOrPAMMe UCIIOIb3yeTCsI MHTEPBAJIbHBII MeTo 1 ['aycca
(byuxus Gauss), eciu cucreMa sBIAETCS KBaApaTHOH. B cirydae, eciim cucTeMa MEpPEoNnpee/IeHHAS, TO
IpUMEeHsIeTCsl TIpocTeimuii anropury™, npeioxkennbiii /. Pornom (dbyukuua Rohn). Ilockosbky 3amaga
NP-rpyHast, TO OCTAHOBKA MPOIECCA MOYKET TPOU30UTH IO KOJIMYECTBY MPOIIeHHBIX uTeparuii. PSS-merompt
SABJISIOTCS TI0CJIEIOBATENHLHO TAPAHTUPYIONUMH, T.€. IIPU OOPBIBE IIPOIECCa HA JI0O0OM KOJIMIECTBE UTePAInil
IpUOJIMKEHHAST OIIEHKA, PEIIeHUs YI0BIETBOPSAET TPEOYEeMOMY CIIOCOOY OTEHUBAHUS.

Bo3BpamaeT q)Ophla.HbHOe penieHue HHTepBaJ’IBHOfI CUCTEMBI JIMTHENHBIX ypaBHeHI/IfI. B cjIydae, eCJin OIleHU-
BaTb BCE€ KOMIIOHEHTHI HET H€O6XO,ILI/II\/IOCTI/I, TO MO2KHO OII€HUTDL OJHY JIIO6yIO Nnu-10 KOMIIOHEHTY.

Parameters:

o A
[Interval] Bxoxuast nuarepsasbras marpuiia ICJIAY, Koropast MOKeT 6bITh KaK KBaJIPATHOMN, Tak
¥ IPAMOYTOJIBHOIA.

[Interval| MaTepBanbroit BekTOp pasoii wactu VCJIAY.

e tol
[float, optional] ITorpemHocTs, onpenenatoasi, Korja JajibHeiiniee qpobiaeHre GPycoB M3JIUIIHE,
T.€. UX HNIUPpHUHA «JOCTATOIHO 6J'II/I3K&>> K HYJJIIO, YTO MOXKET CIUTATHCA TOTHO HyﬂeBOfI.

e maxiter
[int, optional] MakcumanbHOE KOJIMIECTBO UTEPAIAI J1JIs1 BBHITIOJHEHUST AJITOPUTMA.

[int, optional] Beibop HOMEpa KOMIOHEHTBI, BJIOJIb KOTOPO OIIEHUBAETCSI MHOYKECTBO PEIICHHUIA.
Returns:

e out
[Interval] VlHTepBaJbHBIA BEKTODP, KOTOPBI IIOCTIE IIOACTAHOBKU B CHCTEMY YPaBHEHUI M BBIIOJI-
HEHUsI BCEX OIepaIuii o mpaBujiaM apudMETUKNA U aHAJIN3a 00paIaeT ypaBHEHNUs B WHCTUHHBIE
PaBEHCTBA.

Examples:

>>> A, b = ip.Shary(4)

>>> ip.linear.PSS(A, b)

interval (['[-4.347826, 4.347826]"', '[-4.347826, 4.347826]"', '[-4.347826, 4.347826]"', '[-
4.347826, 4.347826]'])

Bosspar nnrepBanbHoro Bekropa perrennss NP-TpyaHo# cucTeMbl.

>>> A, b = ip.Neumeier(3, 3.33)
>>> ip.linear.PSS(A, b, nu=0, maxiter=5000)
interval(['[-2.373013, 2.373013]'])

Boszsparena ornenpunas kommonenta. B cBsasu ¢ Tem, uro B cucreme Hoitmaepa mapamerp theta=3.33 sB-
JISIeTCsT YKECTKUM YCJIOBUEM, HEOOXOIUMO yBEJIMYATH KOJUIECTBO UTEPAIUil JJIsl TOJyYeHUsT ONTHUMATbLHON
OTIEHKH.
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